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Abstract. The effects of channel walls on the hydrodynamic properties of a floating vertical cylinder are examined.
An interior eigensolution under the cylinder is matched with an exterior eigensolution in a manner similar to
Yeung [1]. Wave effects due to an image cylinder can be conveniently expressed in terms of the coordinates of the
central cylinder by the use of Graff's theorem. The infinite array results in a slowly convergent series which has
to be summed with caution. Results for the heave added mass and damping of a cylinder for several geometric
configurations are obtained. Also presented in the paper are results for the diffraction of incident waves about the
same cylinder. The channel walls exert an important influence on the radiation and diffraction properties, the latter
to a lesser extent. Such influence is characterized by the presence of "spikes" at wave frequencies corresponding
to the occurrence of symmetric transverse resonant modes in the channel. An analytical solution of a three-
dimensional flapper wavemaker given in the Appendix further confirms such characteristics. In the high-frequency
range, the radiation properties approach those of a single cylinder. In the low-frequency limit, they exhibit a
behavior similar to that of a two-dimensional horizontal cylinder heaving in water of finite depth.

1. Introduction

The evaluation of hydrodynamic coefficients for bodies oscillating near a free surface plays
an important role in the study of their behavior in the sea. More recently, there has been an
increase of interest in studying hydrodynamic interference effects among bodies [2, 3, 4].
Such interests stem from the fact that many offshore structures or wave-energy extractors are
made of a collection of identical geometrical components. Interference effects are also of
practical concern when excessively large models are tested in wave tanks of relatively limited
width [5]. Finally, in performing numerical computations, it is not unusual to simulate
laterally unbounded flow by truncating the fluid domain with channel walls [6]. Some
theoretical understanding of the hydrodynamic interference caused by imaging effects of the
channel walls is thus highly desirable.

This paper examines the hydrodynamic characteristics of a single body placed in an infinite
array of its own images. For simplicity, we have chosen to study a vertical (floating) cylinder
of finite draft. Its radiation properties for heaving motion are obtained as a function of
frequency and the relevant geometric parameters. Also solved here is the complementary
problem of wave diffraction about this cylinder in an array configuration. This particular
body geometry for the case of laterally unbounded, water was solved by Garrett [7] for wave
diffraction and by Yeung [1] for wave radiation. The method of matched eigenfunction
expansions used therein reduced the problem to the numerical solution of an infinite system.
Such a quasi-analytical treatment has been used subsequently with success by Miao and Liu
[8], McIver [9] and Kagemoto and Yue [10] in a variety of related contexts. The present
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problem of an infinite array can be tackled using the same approach by exploiting Graff's
addition theorem [11] to relate the coordinates of one cylinder to another. Spring and
Monkmeyer [12] have considered the transverse exciting force on a bottom-mounted
cylinder, with attention directed to the confinement effects of the tank walls. A similar
investigation was carried out recently by Matsui et al. [13] for the overturning moment.
However, radiation and diffraction properties of a finite-draft body showing the effects of
channel walls are not available in the literature at present.

The present treatment of the array-interaction problem uses a direct solution method, in
which the coefficients of N circumferential modes and K vertical modes for each cylinder are
determined concurrently. Previously, a multiple-scattering technique has been used by
Twersky [14] and Simon [12], the latter with further simplification using a "plane-wave"
approximation. Such an approximation enables one to use the single-cylinder results but
requires the use of the assumption of large spacing to wave-length ratio. Our present
procedure does not contain this restriction but requires a careful treatment of a slowly
convergent Hankel series. Interference effects caused by nonpropagating modes of neighbor-
ing cylinders are neglected in our model. This error can be shown to be exponentially small.

As will be shown, the hydrodynamic properties of the cylinder in a channel are charac-
terized by the presence of a sequence of "spiky responses", at which the far-field behavior
from the cylinder is associated with the occurrence of transverse waves sloshing in the
channel. In the neighborhood of these so-called "cut-off frequencies", the added mass and
damping coefficients have a square-root singular behavior just below and just above the
cut-off, respectively. The low-frequency behavior of the heave added mass and damping for
a single cylinder in finite water-depth was discussed in considerable detail by Yeung [1].
Based on the arguments used therein, it can be deduced that the hydrodynamic coefficients
for the present problem will have behavior similar to those of a two-dimensional heaving
cylinder in finite-depth water [15, 16], and will transform gradually to those of a single
cylinder [1] as the width of the channel increases. These basic features are borne out in the
numerical results.

2. The mathematical model

To describe the fluid motion induced by the presence of a cylinder of radius a located on the
centerline of a channel of width w, we choose a cylindrical coordinate system (ro, 00, z)
centered at the axis of the cylinder. Referring to Fig. 1, we consider first a Cartesian
coordinate system with origin 0 at the still water level, the Oz axis coinciding with the axis
of the cylinder and pointing upwards, the Ox axis located in the longitudinal plane of
symmetry of the channel, and the Oy axis perpendicular to the channel walls. A point in the
fluid defined by position vector R will therefore have a cylindrical radius r given by

x + y and a cylindrical angle given by 00. The bottom of the channel coincides with the
plane z = -h while the bottom of the cylinder is on the plane z = -d.

2.1. Heaving vertical cylinder offinite draft

Under the assumptions that the fluid is incompressible, the flow irrotational, and the heave
amplitude small compared with the cylinder radius, the fluid motion at time t can be described
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Fig. 1. Coordinate systems and nomenclature.

by the potential function

= Re [-iacp(ro, 00, z) 3 e-ia'], (2.1)

where C3 and a are the amplitude and angular frequency of the heave motion respectively.
Here i represents the imaginary unit associated with time. The spatial potential (P(ro, 00, z)
satisfies the following linear boundary-value problem:

V2(p = 0

a -v? = 0

a = 0
Oz

in the fluid, (2.2)

at z = 0, (2.3)

at z = -h, (2.4)

at z = -d, r < a,az- 18z

97

(2.5)
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aqo
-_ = 0 at-d < z < 0, r = a, (2.6)

ar

aq>
B = 0 at y = + w/2, (2.7)
ay

where v = 2/g is a frequency parameter, and g the gravitational acceleration.
By the method of images, the present problem is equivalent to one with an infinite array

of parallel cylinders having their vertical axes all in a plane perpendicular to the channel
walls. Each cylinder in this array is separated by a distance w. For the j-th cylinder, we
define local coordinates rj and Oj as shown in Fig. 2. Following Yeung [1], we divide the fluid
domain into two regions, an interior one under the central cylinder and a exterior one
surrounding the central cylinder. The potential function in the interior region is defined by
(p(i) and in the exterior region by (p(e). The interior potential p(i) must satisfy

V2D (i) = 0 in the fluid, (2.8)

= 0 at z = -h, 0 < r < a, (2.9)
az

Y

Y

Fig. 2. Central cylinder and image cylinders.
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ag (i)

Oz

P(i) = (p(e)

at z = -d, 0 < r < a,

at r = a, -d < z < 0.

The exterior potential p(e) must satisfy

V2 p(e) = 0

_ -(e)
__ () vg

(e )
= 0

p (e)

AZ

Op(e)

ay
at y = w/2.

Further, we have

ar(o aro(i)

a (e )

OrO- 0

at r0 = a, -h < z < -d,

at r = a, -d < z < 0.

Conditions (2.11) and (2.16) ensure continuity of the potential and its radial derivative on
the virtual boundary shared by the two domains. Finally, a radiation condition must be
imposed which states that propagating disturbances must be outgoing.

The interior solution can be written as the sum of a homogeneous solution (o(') and a
particular solution (op'):

?(i) = ?(i) + o(i) (2.18)

The particular solution (P') is given by Yeung [1]:

(2.19)2(h - d) + h) 2 -

Separation of variables in cylindrical coordinates yields the following homogeneous solution:

) = E, cos (2nO) { -)2 + - z7i) I2.(A kr ) }
n=O [k=lz + 2)ka) h -

zk(i)(AkZ) = cos [k(z + h)], A.k - h - d'

(2.20a)

(2.20b)

(2.10)

in the fluid,

(2.11)

at z = 0,

at z = -h,

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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with the coefficients Ak, to be determined. Here is the Jacobi index, 8n = 1 for n = 0;
en = 2 for n > 0, and I2n is the modified Bessel function of the first kind, order 2n. The
non-axisymmetric modes (n ¢ 0) are used here to account for interference effects caused by
the image cylinders. Only circumferential modes of even multiples of n exist because of
symmetry about the Ox and Oy axes.

Similarly, the general exterior solution qp(e), satisfying (2.12)-(2.15) and the radiation
condition, can be shown to be

(e) E E RzZ(mkrai
p(e) = ajk n 2 R ) Zke)(m ) COSkz) CO(2nS), (2nj.21a)i=-oo n=o k=o 2 R2,,(mka)

where the radial modes R2n and vertical modes Z e) are given by

H'2')(mrj) for k = 0,
R2n(mkrj) = {HN (m rj ) k = 

K2n(mkrj) for k ¢ 0;

cosh [m0 (z + h)]/N' 2 for k = 0, (2.21b)

Zcos [mk(z + h)]/Nk 2 for k h 0;

No = [sinh (2moh) + 2moh]/(4m0h), Nk = [sin (2 mkh) + 2mkh]/(4mkh), k > 0.

The eigenvalues mk are the solutions of

m tanh (mh) = v, (2.22)

where m represents m0 for k = 0, or imk for k 0. In (2.21b), H20) is the Hankel function
of the first kind, order 2n, which yields outgoing disturbances and K2n is the MacDonald
function of order 2n. Note that (2.21a) is expressed in terms of the cylindrical coordinates
of each of the cylinders, - oo < j < oo. The coefficients of the exterior series aJ, are identical
for allj. The term associated with = 0 in (2.21a) represents the potential due to the central
cylinder p(e); the terms associated with j ¢ 0 describe the influence generated by all other
cylinders, which we denote by p.(e) In order to apply the boundary condition (2.16-17) on
the central cylinder, we express the (rj, Oj), j ¢ O, in terms of (ro, 00) by using Graff's
Addition Theorem (see Watson [11]). Before proceeding with this transformation, we will
take advantage of the following approximation for p(e):

n=) E n On ZOe)(mO ) 2n 0i cos (2nOj) + exp (-jmlw)l
n=O 2 j H 2 (mNa) 

(2.23)

Since the leading evanescent mode is governed by a value of m, h > r/2, the neglected terms
would be of the order exp (-7cw/2h). Inclusion of the non-propagating modes does not
complicate the theory substantially. However, they are the wave modes that are expected to
contribute the primary interference effects because of their slow spatial decay rate.
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In Appendix A, it is shown that pe), can be rewritten as

miOnt (tz)n a Cos (2p00)k, (r), (2.24)
n=OO H)(moa) 0os (2.24)

where gp, = Ep(g,, + g-pn), with

g = (-- 1)" +P J2p(moro) H21+ (jmow). (2.25)
j=1

Thus, the contribution of the image cylinders is described by a series of Hankel functions
whose asymptotic behavior for large arguments is oscillatory with a relatively slow decay
rate. The asymptotic form of the j-series is therefore given by

Z H')(jx) - e-i((/ 2) :+ ( /)) - - (2.26)j=1 V X =l /

This slowly convergent series was mentioned by Thomas [17]. Our treatment, which is similar
to Matsui et al. [13], is detailed in Appendix B.

In summary, the complete exterior potential, expressed in terms of (ro, 00, z), is given by

(p(e) = E Zke) (mkz) a, Unk(r 0, 00), (2.27)
k=O n=O

where the function Unk is defined as

Hi)(m a) { 2 H(1)(moro) cos (2nOo) + gin cos (2jO)} for k 0,

Unk 2 (2.28)

(MkrO) os (2n' ) for k 0.
2 K2n(mka)

2.2. Determination of the coefficients Akn and ak,,

The determination of the interior coefficients Akn and exterior coefficients ak can be accom-
plished by applying the continuity conditions (2.11) and (2.16) on the virtual surface {ro = a;
-h < z < -d} and condition (2.17) for the exterior potential [1]. Let us define the operator

1 a-d
a' [f(a, 00, z)] = 7 - d) J- o f (ai 0o, z) Zp) cos (2q00) do 0 dz. (2.29)

Applying Y' to (2.11) and using (2.19) and (2.20) on the left-hand side, and (2.27) on the
right-hand side, we obtain

1 K aO aogg(moa)e.
¼A,, = f - p -Po- 2 k=O 2e, nO H12()(ma)

p = 0,...,K, q = 0,...,N (2.30)
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where fpq involves the particular solution p'):

2h a - (h + d2) + 

fpq = (- 1) (d - h)
(pTr)

0

forp = q = 0,

forp O, q = 0,

for q 0.

The Apq's, truncated as a finite set for K + 1 vertical modes and N +
modes, are coupled with the exterior ak,'s via the l(pk defined below:

Pk= (h -d) 
( - 1)P {mo sinh [m(h - d)]/[m(h - d)2 + (p) 2]
Npk k mk sin [mk(h - d)]/[mk(h - d) - (pn)]

(2.31)

1 circumferential

for k = 0,

for k 0.

(2.32)

To impose (2.16-17), we introduce the exterior operator

ye [f(a, 0o, z)] = - Ih J f(a, 00, z) e) cos (2q0) dOo dz. (2.33)

Applying Ye to (2.16-17) by using the differentiated expressions of (2.19-20) and (2.27), we
obtain

1a m R2q(mpa) o ao ogq
lPqm P R2q(mpa) 2q n=0 H2()(moa) n

h - d q +K IIq (k ) 
= epq +-P + Akqp q(k a)}

2hp.,k, q= ., (2.34)= Ia )
£ = 0,...,k, q = 0,...,N, (2.34)

where the primes indicate differentiation with respect to the argument of the function; 6pq is
the Kronecker delta and

(a sinh [m(h - d)]
forp = q = 0,

2(d- h)No 2 moh

epq [= YeOro a sin [m(h - d)] forp # 0, q = 0,
I 2(d - h)No2mh.

0 for q 0.

(2.35)

The solution of linearly coupled systems (2.30) and (2.34) yields the values of the unknown
coefficients Ak, and akn(k = 0, . . . , K, n = 0, . . . , N). To solve these equations, we treat
the Akn,, ak, ft, and ek, as vectors A, a, f, and e respectively. The coefficient matrices
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multiplying A and a on the right-hand side of (2.30) and (2.34) can be designated as C1, C2,
GB, and DG so that these equations can be written in the form

A = 4f + Cl*a + GB*a, (2.36a)

a = 2e + C2*A - DG*a. (2.36b)

Substituting (2.36a) in (2.36b) we can solve for a and then using (2.36a) we can recover A.
In actual computations common terms in the coefficient matrices are saved to avoid redun-
dant computations.

With the coefficients Akn and akn now known in (2.20) and (2.24), we can determine the
hydrodynamic pressure acting on the cylinder. A straight-forward integration leads to the
following formulas for the (non-dimensional) heave added mass /133 and the damping
coefficient ~33:

i h -d a
2a 8(h - d)

U33 + i;33 = Qra3 [33 +a33] = 2a 8(h-d)

{Aoo + A ~(Aka)
4~ I_ a) kIGa (2.37)

where we note that only the axisymmetric mode (n = 0) contributes to the final expression.

2.3. Diffraction around multiple cylinders

The solution of the diffraction problem can be obtained in a way similar to that of the heave
problem. Three modifications of the procedure in Sec. 2.1 are necessary: (a) an incident wave
potential po must be added to the external potential in (2.21a); (b) the internal boundary-
value problem is now homogeneous, thus (p') = 0 in (2.18); (c) since the centerplane of the
channel is the only plane of symmetry, the series in (2.20a) and (2.21 la) must have 2n replaced
by n to include odd values of circumferential modes.

The potential of a plane wave of amplitude 0 propagating along the x-axis is given by

Oinc(r 0, 00, z, t) = Re [aohxpo(ro, 00, z)e-iat], (2.38)

where it is well known that the spatial component po can be expressed as

-cosh [mo(z + h)]
P mh sinh (m h)] em(i)+lJm(moro) cos (mOO). (2.39)moh sinh (moh) m=o

The external potential, by analogy to (2.27), can be written as

Po + Zk (mk) n n nmkr) cos(nO)
k=O 2Rn (mka)

+ z~~( 0z) Z a0onn Z cos (p0O)gpn(moro) (2.40)
n=O 2Hn() (m a ) p=O



104 R. W. Yeung and S.H. Sphaier

with gpn still defined by (2.25), but gpn now given by

gp = J(mnoro) cos [(n-P) ] Hnlp, (jmow). (2.41)
j=l

The internal potential is given only by a homogeneous solution:

)= £O(i {O) (o + Akn Z(i) In(AkRTo) 
=P s.ncos(no)+ -( + Zk (2.42)

n=4 na(k=,1 2 kJ(ka)

As before, applying the operator i' to (2.11) and Ye to (2.16-17), and using the new
expressions (2.40) and (2.42), we obtain

(i)ql J (m a) ' P1N 1 K NagEApq (i)+Jq(moa) poNo/2 - Z Cepkakq -P N aon9qn.n
moh sinh (moh) 2 k= + 2E n Hl) (m a)'

p = 0,..., K, q = 0,...,N, (2.43)

and

J(i)q+l a)60NW2 + apmph R(moa) + +POmh 

sinh (moh) 2 Rq(mpa) 2E, n H"') (moa)

h-d AOq Iq(ka)I
- h g°P a k

q -
qpY Akqk Iqa)j' p = 0 ... , K, q = 0, .. , N.

2h {2 a k (A) Pqk=l

(2.44)

This coupled linear system can be treated in a manner similar to that described in Sec. 2.2.
With the coefficients Apq and apq solved, we can use (2.40) and (2.42) to obtain wave-

exciting (horizontal and vertical) forces F and pitching moment M (about 0):

I{ I M e- = -J t { } dS, (2.45)

where n is the inward-pointing unit normal of the cylinder and Y is the surface of the cylinder
(see Fig. 1). A straight-forward integration of (2.45) yields the following nondimensional
expressions for the exciting forces and moments:

F, -ivh 2 [ 2fo J, (mo a) K akI saE.j,,FF. _ n- h ( ) akl + f naongln 1(2.46)Qg a2 0 -aa Lmoh sinh (moh) k=O Nk Nl2 n=O 2H?)(.ma)r

og4 2C 0 -
o i a lo( 2k f a) ('
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F5 -ivh 2 [ 2LOJ1 (mOa) K Lk N aogn-

5 h - LmOh sinh (moh) +kO kl + 2H (ma)Fgea_ oN a k + ~o1 2 no' 2/l)(m a) g

AO a2
K AkI(- I)k AkaIAka) (2.48)

8 Y' ,Tkh II (k a)

where the auxiliary functions fk and Lk are given by:

{sinh (moh) - sinh [m(h - d)]}/(moh) for k = 0,

{sin (mkh) - sin [mk(h - d)}/(mkh) for k (2.490;

cosh (m0 h) + (h-d) + cosh [m(h - d)] for k 0,
Mh2 ;;~V [m tn h2

Lk(mkd) =
cos (kh) d cos [mk(h - d)]

rkh2 + mkh 2 sin [mk(h -d)] for k 0.

(2.50)

3. Numerical results

A computer code was developed based on the theories described in Sec. 2. The heave-motion
problem and diffraction problem are closely related, the work involved in the conversion
from the former to the latter was minimal. The code has been checked by comparing results
of the present formulation with those of the following special cases: (1) a single heaving
cylinder of finite draft [1], and (2) the pitch wave-exciting moment for a bottom mounted
cylinder in a channel [13]. In both incidences, the agreements were excellent.

In order to obtain some insight into the behavior of the radiation properties of a body in
a channel, we have also obtained the analytical solution of a three-dimensional pulsating
wavemaker (see Appendix C). The flapper wavemaker hinged at y = + a on the plane
x = 0 (Fig. C. 1) generates a flux condition similar to that of a heaving vertical cylinder, both
solutions being symmetric about the plane x = 0. From equation (C.1), it is clear that
propagating modes moving down the channel that are of wave number %On exist only if the
following criterion is met:

()= I > 0, (3.1)

where mo is the wave number given by (2.22). Here n is associated with the modal variation
across the width of the channel, n = 0 being that of a plane wave. For symmetric flow about
the centerplane of the channel only even values of n are admissible. As the frequency of
oscillation a is reduced, propagating modes of higher values of n begin to disappear
successively and reemerge as decaying modes. The "cut-off frequency" of the n-th mode is
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0.05-

0.00

w/2a-

- ii 
0.12 -

a/h-0.1

0.08 -

0.04 -

''''''' ''''......... '1 '!1 '....... . I I 0.00 -

a/h-0.1

w/2a-

0

i l
0.00 1.00 2.00 w/2 3.00 4.00 ( 1.00 2.00 /2 3.00 4.00

Fig. 3. (a) Nondimensional added-mass coefficient, equation (C.5), (b) nondimensional damping coefficient,
equation (C.8), for surge motion of a flapper wavemaker, as a function of mw/(2n); a/h = 0.1, w/(2a) = 2, 3, 5, 7
and 10.

given by the vanishing of (3.1), or alternatively,

= (- tanh(-) forn = 2, 4..., (3.2)
g

which coincides with the resonant frequencies for symmetric transverse oscillation of the
channel. Figures 3a and 3b depict the added mass and damping, based on equations (C.5)
and (C.8), respectively. It is evident from this analysis that a square-root singularity occurs
at each integer value of mow/(27r). Further, because of the manner in which propagating
modes "transform" to decaying modes around the cut-off, the damping coefficient of the
wavemaker is singular at frequencies slightly above the cut-offvalue, whereas the added mass
is singular at frequencies slightly below the cut-off.

Returning to the problem of vertical cylinders, we first present the results of (2.37) plotted
against a nondimensional frequency based on the cylinder radius, mOa, which is proportional
to the ratio of cylinder radius to the wavelength of a plane wave 20(= 27r/mo) of the same
frequency. Figures 4a and 4b are based on a geometric configuration of d/a = 2 and
a/h = 0.1. The ratio of channel width to cylinder radius is shown as a parameter. Results
for this graph as well as others reported below are based on N = 7 and K = 7 (i.e., 64
coupled coefficients) in (2.36). Comparing these new results with the case of a single cylinder
(w/(2a) = o), we observe that the hydrodynamic properties are strongly influenced by the
presence of the channel walls for wavelengths Ao longer than , 6a. For shorter waves (i.e.,
higher frequencies), the effects of the walls are negligible. Results in the presence of channel
walls tend to oscillate about those of a single cylinder. The typical lower-frequency behavior
is characterized by the presence of "spikes". Figures 5a and Sb show the same results plotted
against a frequency parameter based on the channel width, mow/(27E), as in the case of the
wavemaker solution. The behavior now resembles closely that of Figure 3a, b. It is evident
that the occurrence of such spiky behavior is associated with the cut-off frequencies (3.2)
discussed above. This is concomittantly related to the singular points of the series (2.26) and
(B.6). It is also of interest to note that when the dimension of the cylinder is comparable to

------ 1
< 1, _ 

: -_- -
. . . . .... . . . . . .. . . . .. . . ... . . .. . . . .
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a/h-0.1

d/h-0.2

'0.50 .......1.0' mo '1.5M~

..uu -

3.00 -

X3h/a

2.00-

1.00-

r l..... i ,0.00
2.00 0.0

2 I
10 7

0o.5 1.00 moo 1.50

Fig. 4. (a) Nondimensional added-mass coefficient, (b) nondimensional damping coefficient for heave motion, as
a function of m0a; a/h = 0.1, d/h = 0.2, w/(2a) = 2, 3, 5, 7, 10 and 0.

mow/ - m0w/7r' 

Fig. 5. (a) Nondimensional added-mass coefficient, (b) nondimensional damping coefficient for heave motion, as
a function of mow/(27r); a/h = 0.1, d/h = 0.2, w/(2a) = 2, 3, 5, 7 and 10.

the channel width, the resonant behavior is greatly inhibited, and finally disappears altogether
(see e.g., w/(2a) = 2). The presence of a relatively large body has obviously destroyed the
occurrence of transverse standing waves. The resonant modes are much more dominant
when the body appears more like a point in the channel. This observation suggests that
tank-test results, obtained with the purpose of simulating an open domain, must be interpreted
with caution at the lower frequencies.

In the low-frequency range, the added mass and damping in a channel exhibit different
limiting behavior from those of an open domain. From Yeung [1], the finite-depth added
mass and damping coefficient of a single cylinder are known to be logarithmically singular
and constant, respectively, in the limit of a -- 0. The presence of the image array changes
the behavior drastically. In this limit, the body and its image system appear together like a
two-dimensional horizontal cylinder spanning across the width of the channel. The heave
added mass and damping of two-dimensional cylinders in water of finite depth was a subject

20-
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Fig. 6. (a) Nondimensional added-mass coefficient, (b) nondimensional damping coefficient for heave motion, as
a function of m0w/(2n); a/h = 0.1, d/h = 0.5, w/(2a) = 2, 3, 5, 7 and 10.
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Fig. 7. (a) Nondimensional added-mass coefficient, (b) nondimensional damping coefficient for heave motion, as
a function of m0w/(27r); a/h = 0.1, d/h = 0.9, w/(2a) = 2, 3, 5, 7 and 10.

that received considerable attention in the mid-70's. Yeung and Newman [16] showed that,
in this low-frequency limit, the added mass should approach a constant while the damping
coefficient behaves like (m0 h)- 1. The present low-frequency three-dimensional numerical
results are observed to behave like those of two-dimensional horizontal cylinders.

Figures 6a and 6b show the heave results for a cylinder with a da ratio of 5. The
corresponding results for the case of d/a = 9 are given in Figs. 7a and 7b. The basic features
are similar to those of Fig. 5a, b. As the source of disturbance, i.e. the bottom of the cylinder,
gets more submerged, wave effects, and hence the cut-off frequencies, become less prominent.
As the gap between the bottom of the cylinder and the channel bottom is reduced, the added
mass is also seen to rise rapidly. It is noteworthy that the actual fluid response at "cut-off"
should be considered nonlinear and unsteady. Nonlinear behavior at cut-off is a subject of
active investigation (see, e.g., Miles [18]).
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Fig. 8. Modulus of nondimensional wave-exciting force/moment: (a) horizontal, (b) vertical, (c) overturning
moment, as a function of mowl(27r), (d) as a function of ma; a/h = 0.1, d/h = 0.2, w/(2a) = 2, 3, 5, 7 and 10.

Figures 8a, 8b, and 8c display the wave-exciting horizontal and vertical forces, and the
overturning moment on the cylinder respectively for the case of d/h = 2. All other
parameters are kept the same as in the heave radiation study earlier. The general features of
the force and moment are similar to those of a single cylinder of finite draft (Garrett [7]) with
the exception of the occurrence of small spikes at the cut-off frequencies (see Fig. 8d). The
spikes are generally not as pronounced as those of the radiation problem. A small instability
exists in the matrix system of (2.43-44) at the higher cut-off frequency for the case of
w/(2a) = 2. It is worthwhile to note that the vertical exciting force is more affected by the
presence of channel walls than the horizontal force and turning moment. Since the exciting
force/moment are related directly to the radiation damping of the corresponding mode, this
behavior is considered plausible for the following reason. Heaving motion of the cylinder
generates waves of about equal magnitude radiating in all angular directions, whereas surge
and pitch motion (about the y-axis) would generate waves primarily in the x-direction. From
physical consideration, it is clear that the latter two motions would experience less inter-
ference from channel walls. Finally, weaker singularities are expected to occur at the cut-offs
for wave-exciting forces since these quantities are related to the square-root of radiation
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a/h=O.1

Fig. 9. Modulus of nondimensional wave-exciting force/moment: (a) horizontal, (b) vertical, (c) overturning

moment, as a function of mow/(27r), (d) as a function of m0a; a/h = 0.1, dlh = 0.5, w/(2a) = 2, 3, 5, 7 and 10.

damping. This explains why the spikes are less pronounced in Fig. 8 when compared with

Fig. 5. Figures 9a-d and Figs. 10a-d show results of similar trends for cylinders with deeper

drafts.

4. Conclusions

The radiation and diffraction properties of a floating vertical cylinder of finite draft in a

channel have been determined by the method of matched eigenfunction expansions. Wave

effects on the central cylinder due to image cylinders associated with the channel walls are

shown to be equivalent to a system of partial waves with angular variation. The magnitude

of these angular modes are found to couple with the vertical modes under the cylinder.

Numerical solution of a system of linear equations that couple the exterior and interior

eigenfunction-expansion coefficients has been obtained.
The heave added mass and damping coefficient are found to be strongly influenced by the

channel walls for wavelengths longer than approximately 6 times the cylinder radius. The
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Fig. 10. Modulus of nondimensional wave-exciting force/moment: (a) horizontal, (b) vertical, (c) overturning
moment, as a function of m0w/(27r), (d) as a function of ma; a/h = 0.1, d/h = 0.9, w/(2a) = 2, 3, 5, 7 and 10.

interference phenomenon manifests itself in the form of "spiky" responses at the cut-off
frequencies of the channel. The cut-off frequencies are related to the occurrence of resonant
transverse modes of oscillation symmetric about the channel centerline. A larger body,
relative to the channel width, tends to suppress the magnitude of the "spikes" whereas a
smaller body tends to accentuate them. At these lower frequencies, where interference is felt,
both added mass and damping differ substantially from results for a single cylinder in a
laterally unbounded fluid. However, such results tend to oscillate about the single-cylinder
results as a mean.

The horizontal and vertical wave-exciting forces, as well as the overturning moment,
acting on the cylinder due to unit-amplitude waves are also calculated. Similar interference
effects are observed. The spiky behavior at the cut-off frequencies is not as pronounced as
that of the radiation problem. Further, the horizontal force and pitching moment are found
to be not as severely affected by the channel walls as the vertical force.

It is of interest to extend the present procedure to study the radiation properties associated
with anti-symmetric motions, i.e., sway and roll. Based on the present study, one would
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expect the "anti-symmetric cut-off frequencies" to play a dominant role in the hydrodynamic
characteristics.
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Appendix A: Application of Graff's addition theorem

Equation (2.21a) represents the summation of the influence of infinitely many cylinders on
the left and right sides of the central cylinder. The Bessel functions have arguments expressed
in terms of the local radius and the local polar angle of each cylinder. To transform the
dependence of the many different radii and angles to the radius and angle relative the central
cylinder, we apply Graff's addition theorem. It is established [11, p. 361] that

F ()einx = F,,,+(u)J(v)eP' (A. 1)
P=--oo

where F, denotes either J, or Y,, and Q, X, u, v, and a are defined with quotes in Fig. A. 1.
For each pair of cylinders, one at each side and at the same distance from the central

cylinder, we use the notation defined in Fig. A. 1. Considering the cylinder on the left (+)
side and right (-) side, from (A.1) we have

Fn(i + ) cos nO = E Fn+p(u+ )Jp(v) [{cos (P) cos ( 0 ) + sin (2) sin (p00)}

x cos (2) + {sin (P) cos (O) co sin ( sin0} sin ()] (A.2)

Fig. A.1. Nomenclature for Graff's theorem.

e o"U" U4- 0 U -0. 0 Uo~~~~~~~~~~
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where a± = rT 00. Clearly, the cosine terms exist only for even values of n or p, the sine
terms for odd values of n or p. Replacing u, v, and (f by the arguments according to (2.21 a),

u± = +jmOw forj > 0,

v = moro, (A.3)

f = mOr forj 0,

and combining contributions from the left and right cylinders, we observe the sine terms in
the p series cancel in pair and the resulting expression is given by

F,(mOrj ) cos (nO ) + F,(mr+ ) cos (nOji)

= 2 F (m (mro cos (p) cos [(n-p) (A.4)
p=-- 2

where only even values of n and p need to be kept.

Appendix B: Treatment of the Hankel-function series

The infinite series of Hankel functions shown in (2.26) is an alternating series with extremely
slow convergence. If we subtract and add the leading-order asymptotic behavior of the
Hankel functions from each term, the series in question can be rewritten as

2 X~x 2T eijx

m nl)(jx) = n1 )(jx)-X e i(n(/2)+(n/4)) + e-i(n(n/2)+(n/4)) e 

(B.1)

Now the quantity in brackets of the first sum decays at a favorable rate of j-3/2. In fact, using
the asymptotic series of H°')(x), the j-th term in the first series of (B. 1) can be calculated to
a very high degree of accuracy:

= ei(jx-n/2 (n-1/2)) (1 _ n2 )

X + n) [ + (25 ) + ]]} (B.2)

The second series in (B. 1) turns out to be expressible in an integral form, which facilitates
numerical treatment. From Gradshteyn and Ryzhik [19, p. 326],

e"x ex 2
E e = Jeg y 1/2 [ey - e]-' dy Q(x). (B.3)
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This expression was also used by Matsui et al. [13] but with no details given concerning the
treatment of the integral Q(x). A straight-forward change of variable yields

Q(x) = f| dy (eY2+ ' - 1)/f(y) (B.4a)

= eiXA(x) - B(x) (B.4b)

with

f(y) = e2y2
- (2 cos x)eY2 + 1. (B.5)

The indeterminate form near y = 0 in (B.4a) requires some care in numerical integration.
Asymptotic analysis of (B.4a) for small y at the singular points of x = 2pn7, p being a positive
integer, shows that

Q(x) - a(x)/lx - 2p 1/2 (B.6)

where ox(x) is regular in x. For sufficiently large values of y, it is clear that both A (x) and B(x)
in (B.4b) have rapidly decaying integrands. Iff(y) in (B.5) is replaced by e2y 2, which has an
absolute error of the order of 10-36 for y = 6, the truncation errors EA and EB of the integrals
A and B satisfy:

IEBI < IEAI J dv = .gerfc(y ), (B.7)
0A o exp (2) 2

where erfc is the complementary error function. For a value of yo = 6, EA is thus of the order
of 10 - 14.

Appendix C: Solution for a flapper wavemaker

Consider a wavemaker with vertical flappers hinged at the axes y = + a as shown in
Fig. C. 1. Let the displacement of the points on the plane of symmetry be given by
C(t) = C, exp (-iat), where , is the amplitude. The velocity potential can be written in
relatively standard Cartesian eigenfunctions [20],

=Re ia -e E 8,lakfFkn(mk, fln)G(#By)Zke)i(mkz), (C.la)n=O k=O )

where

Gn(fnY) = cos [(y - w/2)], /, = nlw,

'e i" k = O, On = m - n > 0,

Fkn,(mk, pn) = -x, k = , a = nr - m > , (C.lb)

e k , kkn mk + ,
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Fig. C. . A wavemaker with vertical flapper.

Assuming small motions, ,/a < 1, we have the following linearized condition on the
plane x = 0:

~ -~ Re(C.2)En z ,+ = Re -g(y)iale- , (C.2)

where

(a- yl)/a forlyl < a,

g() = O for a < IyI < w/2.

Using the eigenfunctions Z and G,, we can define an operator similar to (2.29) for the
z- and y-integration. Application of such an operator to (C.2) using (C.1) yields the
following expression for the coefficients of the eigenexpansions:

aqp = fq((mqh)YpN '/"2 ( OF8 -1

with

yo = aw, y = 0, forp = odd,

2w ( ly)l - cos (Pwa)]/(P )2' for 2,4,yp = -~- I..

(C.3)

Introducing (C.3) in (C. 1), we can determine the hydrodynamic pressure acting on the wave-
maker surface. Integrating this pressure we can obtain the component of the hydrodynamic
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force in the x-direction:

F, 1 a(C
eah2 ah2= -(, +- i)' = oa 1 (C

where

11 = 110 + l11c (C.5)

2 W3 sinh (moh) - sin (#pa)[1 - cos (spa)]
Y11IO ha2 YEC^ =PIp|()_m2w(C.6)

p=P+l 3)2 - (mow)2

2w ~ sin (mkh) a2 1 w2 1 sin (pa)[l - cos (,a)] 
a kl Nk(mk) i w2mo ah =24 .2 2 (C.7)a kk 3 mkw P

~(2 q , 2w

and

2w sinh 2(m0 h) a2 1 w2 1 P sin (pa)[l - cos (fpa)] I
a No(moh)2 moh ah 74 p=2,4-- (MOW) 2 2 (C.8)

ap3 /2n 

Here, in accordance with (C.lb), P is the largest value of p satisfying p < (mow)/r. Indi-
vidual contributions by the propagating and decaying modes to the added mass are shown
explicitly in (C.6) and (C.7). Note the occurrence of a square-root infinity as m0 w approaches
an (integer) value of p. The "bandwidth" of the singularity decreases with increasing p. The
decaying modes do not generate any discontinuous behavior at these so-called "cut-off"
frequencies. The damping coefficient, on the other hand, exhibits such a singular behavior
at frequencies slightly above the cut-off.

The energy flux across a plane normal to the x-axis is intimately related to the damping.
A time-averaged nondimensional energy flux can be derived and is given by

1 1 T /2 dz d dt
;e(arl)2h2aa T o J-/2h dzdy dt

w wsinh2(moh) (a) 2 2r + 4w2 (1 - cos (pa))2
r 2a h N(moh)2 W mow p=24 (p7r)4 a2 csm fi 2 (C.9)
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which shows that large damping is associated with the generation of large-amplitude waves
near the resonant frequencies of the transverse modes of oscillation of the channel.
Equations (C.5) and (C.8) are shown in Figs. 3a and 3b. It is interesting to note that as the
flapper width 2a approaches the channel width, cut-off frequencies exist only at
(mow)/i = 2, 6, 10 ....
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